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Abstract
Fully developed laminar steady forced convection inside a circular tube .lled with saturated porous medium
and with uniform heat /ux at the wall is investigated on the basis of a Brinkman model which is appropriate
for hyperporous materials which are of current practical importance. The “WKB method” is applied for small
values of the Darcy number. For the case of large Darcy number, the solution for the Brinkman momentum
equation is found in terms of an asymptotic expansion. With the velocity distribution determined, the energy
equation is solved using the same asymptotic technique. The results for limiting cases were found to be in
good agreement with those available in the open literature.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Because of its relevance to a variety of situations, i.e. geothermal systems, thermal insulation, solid
matrix heat exchangers, nuclear waste disposal, and energy recovery in high-temperature furnaces
[7], convection in porous media is a well-developed .eld of investigation. The literature on the topic
of forced convection is surveyed in [6]. While the problem of forced convection in a porous medium
duct is a classical one (at least for the case of slug /ow (Darcy model)), the incorporation of the
boundary and convective term e?ects on the fully developed momentum transfer equation in porous
media requires a major change in approach. This change results in an algebraic equation problem
∗ Corresponding author. Present address: Mechanical Engineering Department, Engineering Faculty, Persian Gulf
University, Bushehr, Iran. Tel.: +98-771 4222159; fax: +98-771 4540376.
E-mail address: k-hooman@tech.umz.ac.ir (K. Hooman).
0377-0427/$ - see front matter c© 2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2003.08.031
412 K. Hooman, A.A. Ranjbar-Kani / Journal of Computational and Applied Mathematics 162 (2004) 411–419
Nomenclature
cP speci.c heat at constant pressure
Da Darcy number, K=R2
G applied pressure gradient
F(r; s) function de.ned by Eq. (25b)
k /uid thermal conductivity
K permeability
M e? =
Nu Nusselt number de.ned by Eq. (11)
O symbol for order of magnitude
Pe PLeclet number de.ned by Eq. (3)
q′′ wall heat /ux
R tube radius
s (MDa)−1=2
T ∗ temperature
Tm bulk mean temperature
Tw downstream wall temperature
u u∗=GR2
u∗ .ltration velocity
uˆ u∗=U
U mean velocity
x∗ longitudinal coordinate
x x∗=PeR
r∗ radial coordinate
r r∗=R
Greek letters
 small perturbation parameter (= s2)
 (T ∗ − Tw)=(Tm − Tw)
 /uid viscosity
e? e?ective viscosity in the Brinkman term
 /uid density
 porosity
 modi.ed dimensionless temperature
Subscripts
0, 1 term sequence in asymptotic expansion
being replaced by a second-order ordinary di?erential one, since the boundary e?ect can be included
by adding the viscous shear stress term (due to Brinkman, cf. [4]). Kaviany [1] has presented
an analytical solution for the same problem in the case of a channel bounded by two isothermal
parallel plates.
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DiOculties associated with the analytical solution of the problem of forced convection in a tube
were previously recognized in [5]. It is easy enough to .nd an expression for the velocity distribution
in terms of a modi.ed Bessel function of order zero discussed in [9], but .nding the same expressions
for the dimensionless temperature and the Nusselt number will be a demanding task.
In order to by-pass the full analysis of this problem, an asymptotic solution is presented here.
Basic asymptotic techniques used here to simplify solving of the governing equations are mentioned
and discussed in [3].
Previous work on the forced convection in ducts, in the case of /uids clear of solid material, has
been surveyed in [8].
2. Analysis
2.1. Basic equations
For the steady-state fully developed situation we have unidirectional /ow in the x∗-direction inside
a tube with impermeable wall at r∗ = R, as illustrated in Fig. 1.
For x∗ ¿ 0, the (downstream) heat /ux at the tube wall is held constant at the value q′′.
The Brinkman momentum equation is
e?
(
d2u∗
dr∗2
+
1
r∗
du∗
dr∗
)
− 
K
u∗ + G = 0; (1)
where e? is an e?ective viscosity,  is the /uid viscosity, K is the permeability, and G is the
applied pressure gradient.
The dimensionless variables are de.ned as
x =
x∗
Pe R
; r =
r∗
R
; u=
u∗
GR2
: (2)
Here the PLeclet number Pe is de.ned by
Pe =
cPRU
k
: (3)
The dimensionless form of Eq. (1) is then
M
(
d2u
dr2
+
1
r
du
dr
)
− u
Da
+ 1 = 0: (4)
The viscosity ratio M and the Darcy number Da are de.ned by
M =
e?

; Da=
K
R2
: (5)
Eq. (4) can be rewritten as
d2u
dr2
+
1
r
du
dr
− s2u+ 1
M
= 0; (6)
where
s=
(
1
MDa
)1=2
: (7)
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Fig. 1. De.nition sketch.
Eq. (6) is to be solved subject to no slip boundary condition, i.e., u=0 at r=1, and the symmetry
condition or du=dr = 0 at r = 0.
The mean velocity U and the bulk mean temperature Tm are de.ned by
U =
2
R2
∫ R
0
u∗r∗ dr∗; Tm =
2
R2U
∫ R
0
u∗T ∗r∗ dr∗: (8)
Further dimensionless variables are de.ned by
uˆ=
u∗
U
; (9)
and
=
T ∗ − Tw
Tm − Tw : (10)
The Nusselt number Nu is de.ned as
Nu=
2Rq′′
k(Tw − Tm) : (11)
Local thermal equilibrium and homogeneity is assumed. The steady-state thermal energy equation
in the absence of viscous dissipation, heat source terms, axial conduction and thermal dispersion is
then
cpu∗
9T ∗
9x∗ =
k
r∗
9
9r∗
(
r∗
9T ∗
9r∗
)
: (12)
It follows from the .rst law of thermodynamics that
9T ∗
9x∗ =
2q′′
cpRU
: (13)
As noted in [2], though the local temperature T ∗ is a function of both axial and radial coordinates,
the dimensionless temperature distribution in the fully developed region, , is a function of the radial
coordinate (r∗) only, while the bulk mean temperature is a function of the axial coordinate (x∗) only.
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In non-dimensional form Eq. (12) becomes (when Eqs. (8)–(11) are used)
d2
dr2
+
1
r
d
dr
+ uˆNu= 0; (14)
where the boundary conditions are as follows:
d
dr
|r=0 = 0 and |r=1 = 0: (15)
3. Asymptotic solutions
3.1. Large Darcy number case
Considering the case of large Darcy number (small shape factors (s1)), we have written the
following asymptotic expansion for the velocity distribution:
u= u0 + u1 + · · · ; (16)
with
= s2: (17)
The following perturbation analysis is carried out, to solve Eq. (6) subject to the aforementioned
boundary conditions, on the assumption that  is a small parameter as described [3]. For the sake of
brevity, we neglect the mathematical details of the problem and present the result for the two .rst
orders:
u=
(1− r2)
4M
[
1− 
16
(3− r2)
]
+O(2): (18)
The zeroth-order solution is the familiar one that corresponds to the plane Poiseuille /ow or a /uid
clear of solid materials. Using Eq. (8), the mean velocity is found to be
U =
1
4M
(
1
2
− 
12
)
: (19)
This implies that
uˆ= 2(1− r2)
[
1 +

24
(3r2 − 1)
]
: (20)
Referring back to Eq. (14), we proceed to .nd the temperature distribution as
= 0 + 1 + · · · : (21)
Using this expansion and solving the two .rst order solutions leads to
=
Nu
8
[
r4 − 4r2 + 3 + 
36
(r6 − 3r4 + 3r2 − 1)
]
: (22)
Finally, the Nusselt number Nu can be found by substituting for uˆ and  (and using Eqs. (20) and
(22)) in the compatibility condition∫ 1
0
uˆr dr = 0:5: (23)
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The solution is readily completed, and one .nds the Nusselt number to be
Nu=
48
11
(
1 +
2
165
)
: (24)
We check our solution and compare it with those presented in the literature. For relatively large
values of Da, i.e., Da → ∞ or s → 0, Eq. (18) gives u → 0:25M (1 − r2), implying that u∗ →
0:25G(R2 − r2)=e? , as expected for plane Poiseuille /ow in a /uid clear of solid material. Further
by Eq. (20), uˆ → 2(1 − r2) and so, by Eq. (22),  → 0:125Nu(3 + 4r2 − r4) and by Eq. (24),
Nu= 48=11 or approximately 4.36. This agrees with the well-known value of Nu for the clear-/uid
problem.
3.2. Small Darcy number case
When the Darcy number is suOciently small (s1) one may use the WKB method to .nd the
expansion for the solution of Eq. (6) in the form of
u= Da+ exp(sF(r; s)); (25a)
where F(r; s) has a straightforward expansion in inverse powers of s, as described in [3]:
F(r; s) = F0(r; s) +
F1(r; s)
s
+O
(
1
s2
)
: (25b)
The solution for Eq. (6) is found to be
u= Da
[
1− e
−s(1−r)
√
r
(
1 + O
(
1
s
))]
: (25c)
Integration by parts (as described in [3]) of Eq. (8) leads to the following value for the mean
velocity:
U = Da
(
1− 2
s
)
: (26)
It implies that for uˆ we have
uˆ=
(
1 +
2
s
)(
1− e
−s(1−r)
√
r
)
: (27)
This velocity distribution is now used to .nd the temperature distribution using Eq. (14) subject to
boundary conditions (15). It is found that
= 0:25Nu
(
1 +
2
s
)
(1− r2): (28)
Using the compatibility condition (23), the Nusselt number is found to be
Nu=
(
1− 4
s
)
: (29)
As a check on our solution, we recover the known analytical solution for the case of M =0. Letting
s → ∞, we see that the velocity distribution tends to a slug /ow one. Explicitly, u∗ → KG= or
uˆ → 1, and so by Eq. (28),  → 2(1− r2) and Nu → 8. Clearly the results are in good agreement
with those of the Darcy /ow model.
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Fig. 2. Dimensionless velocity pro.les for some values of the shape factor s: (a) Small s—by asymptotic expansions;
(b) large s—by WKB method.
4. Results and discussion
4.1. Hydrodynamic aspects
The velocity .eld is presented in Figs. 2(a) and (b). This .gure shows the e?ect of the parameter
s on the fully developed velocity pro.le, which contains a relatively /at portion located around
the centerline. When s → ∞, the velocity pro.le tends to that of the Darcy model, and when this
parameter decreases to zero the velocity tends to the plane Poiseuille /ow, as expected. For general
values of the porosity, permeability, viscosity and the length-scale, the velocity pro.le is bounded
by these two limiting curves.
4.2. Heat transfer aspects
The variation of the Nusselt number Nu as a function of the parameter s is shown in Figs. 3(a) and
(b). As mentioned before, the value of Nu lies between its values for the cases of plane Poiseuille
/ow and slug /ow, i.e., between 4.36 and 8. Finally the temperature distribution is shown in Figs.
4(a) and (b) for some value of s. The results show that the centerline temperature increases with
increase in s.
5. Summary
The governing equations for steady fully developed /ow in a circular tube, for the case of local
thermal equilibrium and with boundary e?ects accounted for but with axial conduction, inertia, vis-
cous dissipation and thermal dispersion e?ects assumed to be negligible, were solved asymptotically.
The results found here (especially for the velocity .eld) show qualitative similarity to those reported
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Fig. 3. (a) The Nusslet number versus s for small s or large Darcy number case (by asymptotic expansions). (b) The
Nusslet number versus s (for s1 by WKB method).
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Fig. 4. Dimensionless temperature distribution for some values of s: (a) small s—by asymptotic expansions; (b) large
s—by WKB method.
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in [1]. Our conclusions are as follows.
• The velocity pro.le depends strongly on the parameter s. As this parameter increases, the central
region containing a relatively uniform velocity distribution spreads further towards the wall. At
large s, the velocity pro.le is con.ned to a very thin layer adjacent to the wall and as s → ∞
the limiting slug /ow is observed, as shown in Figs. 2(a) and (b).
• It is clear that the value of the Nusselt number is sensitive to the magnitude of s and it increases
with an increase in s, as shown in Figs. 3(a) and (b).
• The shape of the temperature pro.le does not change signi.cantly with s but its value at the
centerline increase as s increases, as shown in Figs. 4(a) and (b).
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